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Abstract 

We study a scalar-tensor bimetric cosmology in the Randall- Sundrum model with 
one positive tension brane, where the biscalar field is assumed to be confined on the 
brane. The effective Friedmann equations on the brane are obtained and analyzed. We 
comment on resolution of cosmological problems in this bimetric model. 
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Variable-Speed-of-Light (VSL) cosmologies were proposed [[[], @] as possible solutions 
to the initial value problems in the Standard Big Bang (SBB) model. VSL models 
assume that the speed of light initially took a larger value and then decreased to 
the present day value at an early time. The VSL models solve various cosmological 
problems of the SBB model associated with the initial value problems, including those 
solved by the inflationary scenario [[3], In the original models by Moffat |]TJ and 

by Albrecht and Magueijo 0, the speed of light c (and possibly the Newton's constant 
Gi) in the action, which is a fundamental constant of the nature, is just assumed to 
vary with time during an early period of cosmic evolution and thereby the Lorentz 
symmetry becomes explicitly broken. So, it becomes necessary to assume that there 
exists a preferred frame in which the laws of physics take simple forms. Later, Clayton 
and Moffat || |7|, || || proposed an ingenious mechanism by which the speed of light can 
vary with time in a diffeomorphism invariant manner and without explicitly breaking 



the Lorentz symmetry. (See also Ref. |T0j for an independent development.) In their 



models, two metrics are introduced into the spacetime manifold (thereby their models 
are called bimetric), one being associated with gravitons and the other providing the 
geometry on which matter fields, including photons, propagate. Since these two metrics 
are nonconformally related by a scalar field (called a biscalar) or a vector field (called 
a bivector), photons and gravitons propagate at different speeds. 



It has been shown |TT], 0, [13|, [14|, [15], |Tg, [17], [18j that brane world models manifest 
the Lorentz violation, which is a necessary requirement for the VSL models. Therefore, 
it would be of interesting to study the VSL cosmologies within the context of the brane 
world scenarios. In particular, the VSL models may provide a possible mechanism for 
bringing the quantum corrections to the fine-tuned brane tensions under control, since 
the VSL models generally solve the cosmological constant problem. In our previous 
work |TJ|, we studied the VSL cosmologies in the Randall-Sundrum (RS) scenarios 
0, 0, following the approach of the earlier VSL models ^ g, |22], ^, [£§ [2|, g§ with 
varying fundamental constants. In this paper, we follow the approach of Clayton and 
Moffat to study the bimetric cosmology in the RS2 model [ plf| . 

In the bimetric models it is usually assumed that gravitons and the biscalar 2 (or 
the bivector) propagate on the geometry described by the "gravity metric", whereas 
all the matter fields propagate on the geometry described by the "matter metric" . So, 
a natural bimetric modification of a brane world model would be just to modify the 
brane matter field action to be constructed out of the matter metric. We consider 
the bimetric model with a biscalar, which is assumed to be confined on the brane 
worldvolume. The action for the bimetric RS2 model with the brane matter fields 
therefore takes the following form: 



S = [ d 5 xV^G -r^-pT-ll - A + / d 4 xJ^C 
J 167rGn J v 



2 As shown in Ref. 0, one can also rewrite the biscalar equation of motion in such a way that the 
biscalar field appears to propagate on a different geometry described by the metric expressed in terms 
of the gravity metric and the matter field energy-momentum tensor. 
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-J d 4 Xy/^ l^d^d^ + V($) + a 



where <3> is the biscalar field with the potential V(<&) and a is the tension of the brane 
assumed to be located at the origin y = of the extra spatial coordinate y. Here, the 
gravity metric g^ u and the matter metric g^ u on the brane are given in terms of the 
bulk metric Gmn and $ by 

g^u = G^(x p , 0), g^ = 9llv - Bd^d u <S>, (2) 

where a dimensionless constant B is assumed to be positive. The Lagrangian £ mat for 
the brane matter fields is constructed out of g^. 

We study the brane world cosmology associated with the above action. The general 
metric ansatz for the expanding brane universe where the principle of homogeneity and 
isotropy in the three-dimensional space on the three-brane is satisfied is given by 

G MN dx M dx N = -n 2 (t, y)c 2 dt 2 + a 2 (t, y)% j dx i dx j + b 2 (t, y)dy 2 , (3) 

where 7^ is the metric for the maximally symmetric three-dimensional space given in 
the Cartesian and the spherical coordinates by 

'y ii dx i dx i = ( 1 + 1 5 mn x m x n ) ~ 2 S ii dx i dx j = ^ - + r 2 (d9 2 + sin 2 6d<j) 2 ), (4) 
v ' 1 — kr z 

with k = —1, 0, 1 respectively for the three-dimensional spaces with the negative, zero 
and positive spatial curvatures. Making use of the fact that it is always possible to 
choose a gauge so that n(t, 0) is constant without introducing the cross term G ty , we 
scale the time coordinate such that n(t, 0) = 1. With the assumption of homogeneity 
and isotropy on the three-brane, the biscalar field $ does not depend on the spatial 
coordinates x l (i — 1, 2, 3) of the three-brane. 

In obtaining the Einstein's equations by varying the action w.r.t. the metric, we 
have to keep in mind that g^ v is the physical metric for matter fields on the brane. So, 
the energy-momentum tensor for the matter fields are defined in terms of g^ v : 

f»u _ 2 _ tHv^Anat) ^ 

Modeling the brane matter fields as perfect-fluid, we can put this energy-momentum 
tensor into the following standard form: 

={q + ^) U^U" + pg^, (6) 

where g, p and are respectively the mass density, the pressure and the four-velocity 
of the fluid, and the inverse g^ v of g^ v is given by 

a» v = n^ v H a^'a vv 'd /$<9 /$ (7) 

9 9 + l-BgoPd^dp® 9 9 {l > 
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The four- velocity is normalized as g^ u U^U L/ = —c 2 . So, in the comoving coordinates, 
the nonzero component of If 1 is given by 



l + B<$> 2 /c 2 



where the overdot denotes derivative w.r.t. t. The nonzero components of the energy- 
momentum tensor for the brane matter fields are therefore 







B$ 2 /c 2 



(9) 



Since we assume that the matter field action is constructed out of g^, the equations 
of motion of the brane matter fields imply the conservation law for the brane matter 
fields energy-momentum tensor: 



-A, 



-g 



gT" u 



0. 



(10) 



which takes the following standard form after the above expressions for the energy- 
momentum tensor and the matter metric are substituted: 



+ 3 0+~2 ) — 

c 2 J a 



0. 



(11) 



where the subscript denotes quantities evaluated at y — 0, i.e., ao(t) = a(t,0). This 
conservation equation can be derived independently from the effective four-dimensional 
Friedmann equations on the brane, implying that Eq. ( TO ) is consistent with the 
Einstein's equations (0) in the below. 

Taking the variation of the action S w.r.t. the metric, we obtain the following 
Einstein's equations: 

(12) 



■>MN 



87r( ^5 rj-MN 



with the total energy-momentum tensor given by 



T 



MN 



y—G 

^5{y). (13) 



The equation of motion for the biscalar is 



v 2 $ - y'($) + B^-Af^Vfi v <$> = 0, 



(14) 



where V 2 $ = g^V M V y $ and the covariant derivative V M [V M ] is defined in terms of 
the metric g^ u [g^]- We made use of the conservation law (|TDJ) to achieve the simplified 
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form of the last term on the LHS and the prime on the biscalar potential V denotes 
derivative w.r.t. $. The above biscalar equation has dependence on T^ v due to the fact 
that the matter metric g^, of which the brane matter fields action is made, depends 



on <9 M $. 



After the above ansatz for the metric and the biscalar field are substituted, the 
Einstein's equations (|T^) take the following forms: 



3 a i a b\ 3 



n 2 c 2 a \ a b I b 2 



a' a' b'\ a" 
a \ a b I a 



3k 

+ ^7 



8?rG, 



A+Uc +7 = + a — 



,(15) 
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b 2 
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a \ n a 



v - ( n - + 2 a - 

b \ n a 
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-A + (jp$ + y/lp - o 



S(y) 



(16) 
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where the primes on the metric components denote derivative w.r.t. y. Here, the 
biscalar field mass density g<p and pressure p$> and I are defined as 



/l$ 2 \ 1 



P$> 



li! - v, 

2 c 2 ' 



$2 

1 + S — . 



(19) 



The biscalar field equation ([14]) takes the following form: 



1 " w e )* 



3 do i A 5 N 

* 1 + 77 P , 



c 2 ao 



V'{$) = 0. 



(20) 



In the above equations of motion, we made use of the assumption n(t, 0) = 1 to simplify 
the expressions. 

The derivatives of the metric components w.r.t. y are discontinuous at y = due 



to the 5-function like brane source there. From Eqs. ([i5|JT6|) , we obtain the following 
boundary conditions on the first derivatives of a and n at y — 0: 



8ttG r 



Mo 
n b 



3C 
87rG 5 



Qtat c 



3c 4 



(cr - 3ptot - 2ftotC 



(21) 
(22) 
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where 

ftot = q$ + qI yl, ptot = p<s> + vIp- (23) 

Here, [F] = -F(0 + ) — -F(0~) denotes the jump of a function F(y) across y — 0. 

The effective four- dimensional Friedmann equations on the three-brane worldvol- 
ume can be obtained |27| by taking the jumps and the mean values of the above 
five-dimensional Einstein's equations across y — and then applying the boundary 
conditions ( |2"T| , |2"2"D on the first derivatives of the metric components. Here, the mean 
value of a function F across y — is defined as JjFjj = [F(0 + ) + F(0~)]/2. In this paper, 
we assume that the brane universe is invariant under the Z 2 symmetry, y — ► — y. Then, 
the mean value of the first derivative of a function across y = vanishes. We also de- 
fine the y-coordinate to be proportional to the proper distance along the y-direction 
with 6 being the constant of proportionality, so b' = 0. We further assume that the 
radius of the extra space is stabilized, i.e., 6 = 0, due to some mechanism involving for 
example a bulk scalar field with a stabilizing potential (Cf. Refs. p8| , p9|). Making 
use of these assumptions, we define the y-coordinate such that 6 = 1. The resulting 
effective four- dimensional Friedmann equations take the following forms: 

[Qtot c + 2ag tot c )+c — + (A + ^^a ) -— , (24) 



- 



a / 9c6 vttot tLUl y a 3c 2 V 3c 4 



'o 



^ = -^^(2ft 2 ot c 4 + ^totc 2 + 3a Ptot + 3p tot , tot c 2 ) - c 2 ^ + ±^V, (25) 
a 9c b a 9c b 

where the subscript R denotes the regular part of a function (note, a" has a 5-function 
like singularity at y — 0). 

The a^. -term (called "dark radiation" term) in the above Friedmann equations 
originates from the Weyl tensor of the bulk and thus describes the backreaction of the 
bulk gravitational degrees of freedom on the brane |2"T| , |3H| , |3"T| , |3"2"| , |3"3"|| . This term can 
be evaluated by solving Q/j^ clS 3j function of y from the following equation obtained 
from the Einstein's equations ([T5|JT6| JT 



3 f + f = -^ A - (26) 

along with the following relation obtained from the (t, y)-component Einstein's equa- 
tion ([jj]) with the assumed 6 = condition: 

n(t,y) = X(t)a(t,y), (27) 

where A(i) is an arbitrary function oft. The resulting expression is 

a"=-- ^Aa, (28) 

R a 3 3c 4 K J 

where C is an integration constant. 
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To make contact with conventional cosmology having the Hubble parameter pro- 
portional to y/g, we assume that cr ^> g to tC 2 , ptot 0, [35|]. To the leading order, the 
effective Friedmann equations ( p4| , |2"5"|) along with Eq. fl28|) then take the forms 



oo V a 327T-G' a / 1 <&' 4ttG 5 / 4ttG 5 2 \ EC *C 

J = ^vr^^^l2^ +v ) + ^l A+ ^ a J + ^--^' (29) 



a 9c 4 VI V c 2 / 9c 6 V c2 / 3c2 \ 3c4 

(30) 

These effective Friedmann equations for the bimetric brane world cosmology have the 
same forms as the Friedmann equations for the scalar-tensor bimetric model of Clayton 
and Moffat except for the dark radiation term Cc 2 /a^. 

Note, the overdots in the above effective equations denote derivatives w.r.t. the 
time coordinate t, with which the matter metric takes the form 

g^dx^dx" = - c 2 + B$ 2 dt 2 + a 2 (t)<y ij dx i dx j , (31) 

and the gravity metric on the brane is given by 

g iiv dx^dx v = —c 2 dt 2 + a 2 §{t)^; l jdx % dx > . (32) 

Namely, the above effective equations are written in a comoving frame for the gravity 
metric. As can be seen from these metric expressions, with a choice of time coordinate 
t, a graviton travels with a constant speed c grav = c and a photon, which is coupled 



to (//jo,, travels with variable speed c p h = y c 2 + B& = cy/1. So, a photon is observed 
to travel faster than the present day speed in this frame, while the biscalar field varies 
with t. 

Since all the matter fields on the brane are coupled to the matter metric g^ V) it 
would be more natural to consider the comoving frame for the matter metric in order 
to make a connection with standard cosmology. By defining the cosmic time r of the 
brane universe in the following way: 

dr 2 = (1 + B<b 2 /c 2 )dt 2 } (33) 

we can bring the matter metric into the following standard comoving frame form for 
the Robert son- Walker metric: 

g^dx^dx" = —c 2 dr 2 + al(r)'jijdx t dx j . (34) 

In this new frame, the gravity metric (|32| ) takes the form 

g^dx^dx" = - \c 2 - B& 2 ] dr 2 + al(r)'j ij dx i dx j , (35) 



6 



where the overdot from now on stands for derivative w.r.t. r. So, in the matter metric 
comoving frame with the time coordinate r, a photon travels with a constant speed 



c p h = c and a graviton travels with a time-variable speed c grav = yc 2 — B<& 2 = c/y/1. 
Note, / = 1/(1 — /?$ 2 /c 2 ) when the overdot stands for derivative w.r.t. r. So, a 
graviton is observed to travel slower than the present day speed in this new frame, 
while $ varies with r. In this new frame, the effective Friedmann equations (p9| , p0|) 
take the following forms: 

oo\ 2 327r 2 G 2 a 32 7 r 2 G' 2 a 
—) ~ 9c 4j3/2 9c 6j 

Cc 2 __ ; fcc 2 




+ 777 - -27, ( 36 ) 



ao + l/ao _167r 2 G|a/ | 3J p\ 327r 2 G 2 a /$ 2 



a ' 2Ia 9c 4 / 3 / 2 V ' ~ c 2 7 9c 6 / V * c 2 ^ y 



4ttG 5 / 47TG5 2 \ _ Cc 2 
" 3c 2 / V 3c 4 ° ) a 4 /' 



^+^^)-— r (37) 



and the biscalar equation (|20| ) takes the form 

The first Friedmann equation fl36| ) can be put into the following "sum-rule" form: 

i + r 1 ^ = r^ 2 VL Q + r 1 ^ + r 3/2 n A4 + r l n c , (39) 

where the density parameters are defined as 



kc 2 32n 2 G 2 ag = 32tt 2 G' 2 ( x^ 

fe = ^i/ 2 "' e= 9c 4 // 2 ' * = 9c 4 // 2 ' 



327r 2 G 2 ag A4 _ Cc 2 

^ = 9c 4 // 2 ' C "^- (0) 

Here, iZ = ao/ a o is the Hubble parameter and qa 4 = A4C 2 rav /(87rG 4 ) = |^g^ (A + 
^^■cr 2 ) is the vacuum energy density, where A 4 = -^p(A + -^po -2 ) is the effective 
four- dimensional cosmological constant. Unlike the case of conventional cosmology, 
the sum rule involves the additional factors of /. From the second Friedmann equation 
fl3"7p, we obtain the following expression for the deceleration parameter: 

* = = y^r 372 ^- 1 ^ 

(41) 
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where p^ 4 = —c 2 - [lw gA 4 = ~ 87r J c ^ v ^ (^ + l^ " 2 )- We consider the special case describ- 
ing the present day universe having k = 0, A 4 = and p = 0. For such case, the 
sum-rule formula (^) takes the form: 

i = r 3 / 2 n g + r 1 ^ + r l n c . (42) 



So, the deceleration parameter (f4l"D reduces to 



/ 1 l6n 2 Gja 1 

q =2HI + 2 + ^Hk^ + 2i nc - (43) 

To be consistent with the observational data, the deceleration parameter has to be 
negative. Unlike the case of conventional cosmology, we have additional contribution 
from the dark radiation term. A negative value of C helps with achieving negative q. 
With positive C, more rapid variation of the biscalar field with time is required in order 
to be consistent with the observational data. 

From the effective Friedmann equations (|36|j37j ) in the comoving frame for the 
matter metric, we can read off that the speed of a graviton and the effective four- 
dimensional Newton's constant on the brane are respectively given by 

c AhG\g 

Cgrav - —fj, <-*4 - 3c 4j3/2 ' I 44 J 



This expression for c grav agrees with the value read off from the gravity metric (^5j) . G 4 
also varies with time and takes smaller value than the present day value while $ 7^ 0. In 
terms of these effective four-dimensional parameters, the effective Friedmann equations 
([^|[37|) in the comoving frame for the matter metric take the forms 

do\ 2 8nG^ + j7^^ 2 + c]^ A ^ + (^_kc^^ 



a J 3 34 av V/ 3 4 

a lia 4ttG 4 ( . q p \ 8kG 4 ^ 2 c 2 Cc 2 

— + --— = — g + 3-^— - — j=<5> + -^—Aeft ^— , 46 

a Q 2Ia 3 V c 2 gTa J 3d^ w VI 3 a% 

where A e g is the effective total four- dimensional cosmological constant given by 

= — ( A + i^n + ~^ vw - (47) 

This effective four- dimensional cosmological constant has contribution only from U($), 
if the brane tension takes the fine-tuned value o = ^— J^r- of the RS2 model |21| . 

We discuss resolution of various cosmological problems within our bimetric model. 
First, we consider the horizon problem. The four- velocity vector V M of a photon, 
which is null w.r.t. the matter metric, i.e., g fJlU V fJ 'V 1 ' = 0, is spacelike w.r.t. the gravity 
metric, i.e., g^V^V = B(V^d^) 2 > when ^ and B > 0. So, photons and 
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other matter fields propagate outside the lightcone of the gravity metric. The horizon 
problem is therefore resolved in our bimetric model, provided $ varies rapid enough 
with time during an early period of cosmic evolution. Furthermore, the problem of 
unwanted relics such as magnetic monopoles, which requires a larger value of the light 
speed during an early period for its resolution in the VSL models, can also be resolved 
by our bimetric model. However, the flatness problem and the cosmological constant 
problem, which require the rapid enough decrease in the speed of a graviton to the 
present day value (in the Friedmann equations) for their resolution in the VSL models, 
cannot be resolved by our bimetric model, since the speed of a graviton takes a constant 
value c in the comoving frame for the gravity metric and takes a smaller value than c 
in the comoving frame for the matter metric, while $ 7^ 0. The flatness problem may 
be resolved by our bimetric model, provided the biscalar potential V($>) has a region 
satisfying the slow-roll approximation and thereby the biscalar can act as an inflaton. 
Detailed discussion on resolution of these cosmological problems within the VSL brane 
world cosmologies is given in Refs. |T9|, |55| . 

We comment on the Planck problem of the VSL cosmologies pointed out in Ref. 
||37|| . When the speed of a graviton and the Newton's constant vary with time, so do the 
Planck mass m p i = \J Tic grabW / G ^ the Planck length l pl = ^JfoG^/c^.^ and the Planck 

time t p i = \jhG{l & grav . By substituting c gra v and G4 in Eq. (pB|), we see that the 
Planck mass takes larger value than the present day value, the Planck length remains 
constant and the Planck time takes larger value, while the biscalar varies with time. 
Since the Planck mass takes larger value, our bimetric model makes the hierarchy 
problem worse. Furthermore, too much large value of J, which leads to the value of 
the Planck time (~ ~ J 5 / 4 ) larger than ~ 1CT 20 sec would totally mess up the 

usual standard particle physics arguments, e.g., matter dominance over anti- matter. 
Therefore, a judicial choice of the biscalar potential V(Q) which leads to the value of 
/ not exceeding ~ 10 20 and therefore the speed of light (~ I 1 / 2 ) not exceeding ~ 10 10 
times the present day value is necessary. This limit on the speed of light during the 
early stage of cosmological evolution may be insufficient for solving the cosmological 
problems. So, our bimetric model risks the above mentioned problem associated with 
large t p i, if it is to solve the cosmological problems. However, since the Planck density 
(~ rripi/t^ ~ J 1 / 2 ) increases for our bimetric model, the Planck density problem may 
be resolved. 
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